Asteroid sizes can be directly measured by observing occultations of stars by asteroids. When there are enough observations across the path of the shadow, the asteroid's projected silhouette can be reconstructed. Asteroid shape models derived from photometry by the lightcurve inversion method enable us to predict the orientation of an asteroid for the time of occultation. By scaling the shape model to fit the occultation chords, we can determine the asteroid size with a relative accuracy of typically ∼ 10%. We combine shape and spin state models of 44 asteroids (14 of them are new or updated models) with the available occultation data to derive asteroid effective diameters. In many cases, occultations allow us to reject one of two possible pole solutions that were derived from photometry. We show that by combining results obtained from lightcurve inversion with occultation timings, we can obtain unique physical models of asteroids.
Introduction
Occultations of stars by asteroids are relatively frequent events systematically observed mainly by amateur astronomers. The projected silhouette of the occulting asteroid can be derived from accurate timings of the disappearance and reappearance of the star measured by several observers placed across the path of the shadow. Apart from a precise measurement of the relative astrometric position of the star and the asteroid at the time of the event, the main scientific value of a well observed occultation is the direct and relatively accurate measurement of the asteroid's dimension. Asteroid sizes derived from occultations can serve as an independent check of values obtained by, e.g., thermal radiometric observations. From the diameter and the absolute magnitude of an asteroid, we can derive its geometric albedo (Shevchenko and Tedesco, 2006) .
The number of observed occultations has increased dramatically with the availability of high-accuracy star catalogues based on the Hipparcos data . Nowadays, occultations can be predicted well in advance with sufficient accuracy. A further dramatic increase of the number of accurate predictions will come with the stellar catalogue based on the astrometric mission Gaia (Tanga and Delbo, 2007) .
Over 1700 occultations have been observed so far. The majority of them were observed by less than three observers and they do not provide any reliable silhouette estimation. These occultations can yield only a lower limit of the asteroid size. However, there are several hundred occultation events with a sufficient number of well defined chords that provide enough data to reconstruct more or less accurately the projected silhouette.
Until now, the usual final result of all reduced occultations was an ellipse fitting the projected silhouette and approximating the asteroid's dimensions. In a few cases, the occultation data were processed together with optical lightcurves in order to derive the asteroid's triax-ial ellipsoid shape model (Drummond and Cocke, 1989; Dunham et al., 1990; Sato et al., 1993 Sato et al., , 2000 .
The reconstruction of a 3D shape model from several occultation 2D projections is possible in principle but still unrealized in practice due to the lack of data. On the other hand, there are more than one hundred asteroid shape models that have been derived in the past decade by the lightcurve inversion method of and . These models are archived in the Database of Asteroid Models from Inversion Techniques (DAMIT) 1 (Ďurech et al., 2010) . The reliability of models derived by the lightcurve inversion technique has been confirmed by their comparison with models obtained by radar or with direct spacecraft imaging and by laboratory experiments (Kaasalainen et al., 2005) . Convex models are inevitably only approximations of real shapes and cannot provide us with shape details. However, the derived rotation periods and spin directions have very good agreement with independent results ). Using the model, the asteroid's orientation can be computed for the epoch of the occultation and the observed projection can be compared with the predicted silhouette of the model. The basic result of such combination of occultation data and shape models is that the models from lightcurve inversion can be calibrated to absolute dimensions of the asteroid (Timerson et al., 2009 ). Moreover, if we include the occultation profile into the optimization procedure, we can refine the model and reveal shape details that are in principle unobtainable from lightcurves only. Lightcurve inversion provides unique solutions only for convex shapes, so occultations can help in detecting concavities.
For this paper, we have selected more than forty such asteroids, that have lightcurve inversion models in DAMIT and also occultation observations that can be used for scaling the model. We also present ten new or updated models that we also scale using the occultation data. Although some multi-chord occultation data are of sufficient quality to enable us to carry out the full multi-data inversion with fitting not only the size but also the shape to the occultation data, we leave this for a forthcoming paper. We describe the data reduction and optimization process in Sect. 2 and we report our results in Sect. 3.
Data reduction and optimization

Occultations
During an occultation, the asteroid's shadow moves on the Earth's surface and observers within the occultation path measure the times of disappearance and reappearance of the occulted star. The negative reports from observers outside of the path put limits on the dimensions of asteroid's cross-section. The duration of a typical event is from seconds to tens of seconds. If the observations are made visually, the reaction times of individual observers can involve significant systematic errors.
The occultation data we use were taken mainly from the NASA PDS database 5 . The data were processed in the standard way described, for example, by Millis and Elliot (1979) or Wasserman et al. (1979) . Here we follow the notation used by Kaasalainen (2003) .
Each observed time of disappearance and reappearance defines a point on the limb of the asteroid. We define the fundamental plane that passes through the center of the Earth and is instantaneously perpendicular to the line connecting the star (assuming to be at infinity) and the center of the asteroid. Then the coordinate system (ξ, η) on the fundamental plane is defined by two unit vectorŝ
where α and δ are the right ascension and declination of the occulted star. For prediction purposes, it is important to use apparent coordinates of the star. However, for our purposes, the difference between the apparent and the mean position can be neglected and we use J2000.0 coordinates. The geocentric coordinates of an observer are projected onto the fundamental plane
where x is the observer's position on the Earth in the sidereal equatorial frame, x = (R cos ϕ cos θ, R cos ϕ sin θ, R sin ϕ), where R is the observer's distance from the Earth's center, ϕ is the geocentric latitude and θ is the local sidereal time, ∆ v denotes the differential space velocity v Earth − v asteroid in the equatorial frame (∆ v is assumed to be constant during the occultation), ∆t is the time of disappearance/reappearance measured from some epoch. If the ∆t times for individual observations do not differ much (compared to the asteroid's rotation period) the points (ξ, η) can be taken as a 'snapshot' of the asteroid's projection at the time ∆t. This approximation is not needed in the analysis but we used it because the asteroids rotated by only a small number of degrees during the observations in most cases. Moreover, as we only scaled the models without actually modifying their shapes, this simplification is fully appropriate.
The assumption of a linear differential space velocity made in Eq. (2) is appropriate if (i) the reference time is set so that ∆t 10 min, and (ii) all the observations were made from the same region of the world, which means that the individual timings ∆t do not differ more than ∼ 10 min. This was fulfilled for all occultations we present in Sect. 3. The maximum relative difference between projections computed according to Eq. (2) and those computed according to a more precise quadratic expression
is only ∼ 1 %, which is well below the accuracy we need.
Shape models from lightcurve inversion
The shape models of the asteroids used in this work were taken from DAMIT or derived from new observations (see Sect. 3). All models were derived by the lightcurve inversion method described in and . They are convex polyhedrons (the convexity is the property of almost all DAMIT models, but nonconvex models can be used as well) with triangular facets defined by radius vectors r of the surface points. Their orientation in space at any given time can be computed from the ecliptic longitude and latitude (λ p , β p ) of the spin axis direction (the z axis in the asteroid Cartesian coordinate frame), the sidereal rotation period P and the initial rotation angle ϕ 0 given for some epoch. The detailed description of the rotation matrices of the transformation from the asteroid body frame to the ecliptic frame is given byĎurech et al. (2010) . Thus, for a given time ∆t of an occultation, we can project an asteroid onto the fundamental plane. The radius vectors r are transformed to the equatorial coordinate system r eq . Then the projected coordinates (ξ mod , η mod ) of the polyhedron vertices are
where (ξ 0 , η 0 ) is some offset depending on the angular distance between the star and the asteroid. The silhouette of a convex model is the convex hull of projected vertices.
Scaling the model
Although the lightcurve inversion models represent the global shape of asteroids well, they are not very detailed and usually do not reveal nonconvex features (Ďurech and Kaasalainen, 2003) . The complementary occultation data can add such details in the models. However, only a limited number of observed occultations clearly reveal a distinct nonconvex feature (see Timerson et al. (2009) , for example). For most occultations, the errors of individual chords are too large or the number of chords is too low to enable us to create a reliable nonconvex model. For these reasons, we fix the shape and only scale it as c · r to give the best fit to the occultation silhouette. Also the rotation parameters (λ p , β p , ϕ 0 , P ) are fixed on the values determined by lightcurve inversion. Thus the only free parameters are the scale c and the offset distances η 0 , ξ 0 .
By changing c, η 0 , and ξ 0 , we minimize the χ 2 measure
where (ξ j , η j ) occ are projections of observed timings onto the fundamental plane, (ξ j , η j ) model are intersections between the projected asteroid's limb and the line going through the point (ξ j , η j ) occ with the direction of occultation chordˆ s v (or −ˆ s v ), and σ j are errors of (ξ j , η j ) occ . Theˆ s v is a unit vector in the direction of the shadow movement on the fundamental plane. We use the JPL Horizons 6 ephemeris system to computeˆ s v of individual observers with respect to the asteroid.
The main source of error affecting the occultation silhouette points (ξ j , η j ) occ is the timing of dis-and reappearance of the star. Errors in timing propagate to errors in the position on the projection plane that are aligned in the direction ofˆ s v . This is the reason why we minimize the difference between the model's silhouette and occultation silhouette alongˆ s v in Eq. (5) .
The errors σ j are not always reported or even worse, are underestimated. So we often have to choose realistic values. This introduces a subjective aspect into the modelling process. Fortunately, the results derived in the next section are not too sensitive to the particular choice of weighting of individual observations. The uncertainty of timings becomes more important for short occultations -then the uncertainty of the size is dominated by timing errors, not by errors introduced by too simple shape model.
Timings determined visually are affected by observers' reaction times. When the star is relatively bright and easy to see, visual reaction times are less than ∼ 1.5 s. For fainter stars, reaction times of 2 to 3 seconds are possible. Observers estimate their reaction times and correct the timing for this effect. However, systematic errors introduced by this effect are often present, as can be seen when a visual chord is compared with a nearby chord measured electronically. In many cases, the lengths of visual chords are correct, but they are significantly shifted in time with respect to the other chords. For this reason, we allowed visual chords to 'float' along the relative velocity vector s v . This shift in the fundamental plane corresponds to the shift ∆τ in timings. For visual observations, we modified Eq. (2) to (6) where ∆τ are free parameters that are optimized to get the lowest χ 2 . To avoid too large shifts in time, we include the penalty function
where γ is chosen subjectively to trade-off between the goodness of the fit and the magnitude of the time shift. Usually, ∆τ i values of the order of tenths of second are sufficient. In some cases ∆τ i are of the order of seconds. In principle, also some chords observed with video or CCD can be misplaced with respect to other chords due to bad absolute timing. Shifting such chords according to Eq. (6) would improve the fit but one has to be sure that the discrepancy with other chords is caused by bad timing, not by some real features of the shape. We applied the shift only to chords observed visually.
Results
In this section, we briefly describe all asteroids for which we scaled the shape models to fit the occultation data. We list all occultations used in our analysis in Table 1 . For each occultation event, we list the total number of chords N total we used (that can be lower than the number of observed chords because we sometimes reject clearly erroneous chords), the number of chords N phot measured photoelectrically, using video, or CCD, the angle ∆φ of which the asteroid rotated during the occultation, the mean duration of the event t mean , and the reference to the paper where the occultation results were published. For each occultation observed visually, the average absolute time shift |∆τ | of visual chords (Eq. 6) is listed. Observations that report only one timing (disappearance or reappearance) are counted as individual chords. Table 2 lists all observers that participated in observations of recent occultations that were not included in the database of Dunham and Herald (2009) . We list all observers, including those that reported 'misses'. If some observer provided more than one chord, the number of chords is given in parentheses.
In Table 3 , we list the derived equivalent diameter D for each model (which is the diameter of a sphere with the same volume as the shape model) and their estimated errors, the ecliptic latitude λ p and longitude β p of the pole direction, the sidereal rotation period P , the diameter D IRAS derived from the IRAS infrared measurements by Tedesco et al. (2004) , the rms residual of the fit with visual chords allowed to move along the relative velocity vector (rms 1 ) and with visual chords fixed (rms 2 ), and the reference to the paper where the original shape model was published. If one of the pole solutions is preferred, the corresponding values are typeset in bold. We estimated the uncertainty of the equivalent size as twice the rms residual of the fit. In cases where the errors in timing are the main source of uncertainty of the diameter (6 Hebe, for example), we estimated the uncertainty of the size by propagating the errors of timings.
For asteroids that have known mass, we could compute the density. However, such density estimates would be biased, beacause the volume of a convex model is larger than the real volume of the asteroid. Therefore we do not provide any density estimations.
In Figs. 2-45, we plot the projected asteroid silhouettes and the chords used for scaling the model. The meaning of different types of lines and curves is explained in Fig. 1 . If there are two possible pole solutions, one of the corresponding profiles (usually the one that gives a worse fit) is plotted with a dotted curve. Chords observed visually are plotted as dashed lines, others (observed by means of CCD or other photodetector) are plotted as solid lines. Dotted lines represent negative observations and dot-dashed lines represent observations that report only the duration of the event, not absolute timings. Such chords can be arbitrarily shifted in time along the relative velocity vector. If an observer reported only the beginning or the end of the occultation, we plot it as an asterisk. Each plot contains also the time scale and the latitude of the sub-Earth point θ for the time of occultation and corresponding model. If there are two models in one figure, the visual chords are plotted with shifts (Eq. 6) corresponding to the solid-contour model.
All shape models, spin parameters, and lightcurve data we present are available online in DAMIT.
(2) Pallas. The occultation of SAO 85009 by asteroid Pallas in 29 May 1978 was one of the first successfully observed occultations with photoelectrically measured timings and a very good coverage of the whole projected silhouette. The next event in 29 May 1983 is the most densely covered occultation ever observed. More than one hundred chords were measured and the size of Pallas was accurately determined (Dunham et al., 1990) . The other three events from 1985, 2001, and 2006 provide additional projection geometry.
Two models of Pallas were derived by Torppa et al. (2003) , with the preference of the pole (35
• , −12 • ). Because the shape of Pallas is rather spherical and the occultation did not reveal any distinct features, both models fit the chords almost equally well. However, only one pole solution is consistent with the adaptive optics images by Carry et al. (2010) . They derived a nonconvex model of Pallas with the pole direction (30
• and the equivalent diameter 512 ± 6 km, which is close to the diameter 539 ± 28 km derived from occultations (Fig. 2) . Schmidt et al. (2009) derived an ellipsoidal model of Pallas from HST observations. The model has the equivalent diameter of 545 ± 18 km, which is also consistent with our value. • ) clearly gives a better fit (Fig. 4) .
(6) Hebe. The shape model derived by Torppa et al. (2003) agrees with the occultation data. However, scaling of the model is not very accurate, because the occultation duration was only a few seconds and all observations were visual (Fig. 5 ).
(7) Iris. The shape model derived by Kaasalainen et al. (2002b) as well as its mirror solution can be scaled to fit the two occultations. The second occultation was short and there were large errors in the visually determined timings (Fig. 6) . Ostro et al. (2010) derived from radar observations a shape models of Iris with the equivalent diameter of 208 ± 35 km and the pole direction λ = 15 ± 5
• and β = 25 ± 15
• that is consistent with the first model of Iris in Table 3 .
(8) Flora. Although Torppa et al. (2003) give only one pole solution (160
• , 16 • ), the mirror solution at (335 • , −5 • ) fits the lightcurves equally well and gives a slightly better fit to the occultation chords (Fig. 7) .
(9) Metis. The lightcurve inversion led to two possible pole solutions (Torppa et al., 2003) , but only one agreed with the adaptive optics images (Marchis et al., 2006) . The consistency of this shape model with the occultation chords from 12 September 2008 was demonstrated by Timerson et al. (2009) . In Fig. 8 , we present the fit to four occultation events.
(10) Hygiea. Hanuš andĎurech (2010) derived two possible models of Hygiea by lightcurve inversion of archived data and sparse photometry. Both models fit the occultation data similarly well, but with very different sizes of 351 km and 443 km (Fig. 9) . The diameter derived from IRAS measurements was 407 km (Tedesco et al., 2004) , which is closer to the second (less preferred) model in Table 3. • ), gives a good match with the occultation chords (Fig. 11) .
(22) Kalliope. One of the models derived by Kaasalainen et al. (2002b) with the pole direction (196 • , 3
• ) is consistent with the satellite orbit analysis (Descamps et al., 2008) and also with the occultation observed in 2006 (Fig. 12) . However, the equivalent diameter 166.2 ± 2.8 km derived by Descamps et al. (2008) is significantly larger than our value 143 ± 10 km.
(28) Bellona. We derived two possible models from the Asteroid Photometric Catalogue (APC) data (Lagerkvist et al., 2001 ), new observations (Table 4) , and US Naval Observatory (USNO) sparse photometry downloaded from the Asteroids Dynamic Site 7 . Both models give similar fits to the data (Fig. 13) . (Fig. 14) . The formal error of the fit (and thus of the determined size) is only 4 km, but the real uncertainty in the size is at least ∼ 10 km. Laetitia. The shape model derived by Kaasalainen et al. (2002b) agrees very well with the observed silhouette (Fig. 15) .
(41) Daphne. The model derived by Kaasalainen et al. (2002a) is consistent with the occultation silhouette (Fig. 16). (52) Europa. The pole direction (252
• , 38
• ) and the corresponding shape model derived by Micha lowski et al. (2004) is consistent with the AO image (Marchis et al., 2006) and also with the two occultation events (Fig. 17) .
(54) Alexandra. Warner et al. (2008) (Fig. 18) .
(55) Pandora. The shape model derived by Torppa et al. (2003) is consistent with the occultation chords (Fig. 19) . (Fig. 20) . The size determination is not very accurate, the formal error of 18 km given in Table 3 is only the lowest limit. Our result is in agreement with results of Tanga et al. (2003) • ), the former one is preferred, because it fits the chords significantly better that the latter pole (Fig. 21) . The negative chord that intersects the silhouette was observed by two independent observers. The model has to be refined by further observations to match better with the occultation. The uncertainty of the size determination is likely to be larger than the formal value determined from the rms residuum.
(68) Leto. The three chords observed during the occultation in 1999 are not enough to distinguish between two pole solution derived by Hanuš andĎurech (2010) (Fig. 22) . The size is not determined very accurately. (Fig. 23) .
(85) Io. We derived a new model that slightly differs from that derived by Torppa et al. (2003) and that is in agreement with all four occultation events (Fig. 24) . The negative observation that intersect the model's projection in 7 December 2004 was made visually and is probably wrong.
(88) Thisbe. The mirror pole solution with the pole direction (72
• , 60 • ) is preferred over that reported by Torppa et al. (2003) , because it not only fits the chords well, but also does not overlap with the negative observations (Fig. 25) .
(89) Julia. We derived a new model of this asteroid from archived APC data and sparse photometry from USNO. From three possible pole solutions derived from photometry, only one is fully consistent with the occultation data (Fig. 26). (95) Arethusa. From lightcurves only, we were not able to derive a unique model. Although the rotation period was determined uniquely, there were four different pole directions and corresponding shapes that all fitted the photometric data equally well. However, when comparing the predicted profiles with the occultation from 2009, only one model with the pole direction (149
• , 33 • ) was acceptable (Fig. 27 ).
(107) Camilla. The three chords observed during the occultation in 2004 allowed only a rough scaling of an updated version of the shape model derived originally by Torppa et al. (2003) (Fig. 28) .
(129) Antigone. The projections of the shape model derived by Torppa et al. (2003) are consistent with the three occultations, but the size cannot be fitted well. The size that fits the two occultations from 1985 and 2001 well gives a poor fit to the third occultation form 2009 (Fig. 29) . When fitting only the first two occultations, the size is (118 ± 14) km, while the third event is fitted at best with the equivalent size (148±11) km. This inconsistency might be caused by albedo variegation (reported by Torppa et al. (2003) ) -the real shape is different from the model that assumes that albedo distribution on the surface is uniform. (Fig. 30) . The model is also consistent with the adaptive optics images obtained by Marchis et al. (2006) . (Fig. 31) . One negative report intersects the model projection at one end. Modifying the model slightly should solve this inconsistency.
(158) Koronis. From two possible spin vector solutions derived by Slivan et al. (2003) , only one is consistent with the occultation chords (Fig. 32) . However, even this model fails to fit the northernmost chord that is longer than the shape model. (Fig. 33 ). This new model is different from that published byĎurech et al. (2007) .
(167) Urda. One of the pole solutions gives a better fit, but the rival pole cannot be rejected (Fig. 34) . The negative chord that intersects the model profile at one end was observed visually. The size determination is not very accurate.
(208) Lacrimosa. The four chords do not enable us to clearly reject one of the two possible pole solutions, although the pole (176
• , −68 • ) is preferred (Fig. 35) .
(276) Adelheid. Only three chords, two of them very close to each other, cannot distinguish between two shape models (Fig. 36 ). Both models fit the occultation equally well. (Fig. 37) . Although the chords were observed using video, the reported timing errors are of tenths of second. • ) -was much more consistent with the thermal infrared measurements made by IRAS. They also derived the effective diameter 55 − 57 km. This is also confirmed by the occultation data (Fig. 38) , because the profile corresponding to this pole does not intersect with the negative chord. (409) Aspasia. With six successfully observed occultations, Aspasia has the highest number of occultation events in our set. From the two models derived by Warner et al. (2009) , the one with the pole direction (3
• , 30
• ) fits the chords observed during two events in 2008 clearly better than the second pole (Fig. 40) .
(471) Papagena. From the two possible models derived by Hanuš andĎurech (2010) , only one is consistent with the occultation observed in 1987 (Fig. 41) .
(747) Winchester. We updated the model by Marciniak et al. (2009) (Fig. 42) .
(849) Ara. Only one model, out of the two derived by Marciniak et al. (2009) , is consistent with the occultation (Fig. 43) .
(925) Alphonsina. Hanuš andĎurech (2010) derived a new model from combined sparse and dense photometry. Although both occultations suffer from large errors in timings, only one of the pole solutions derived from photometry is consistent with the occultations (Fig. 44) .
(1263) Varsavia. We derived two new models from USNO sparse photometry but only one was consistent with the occultation data (Fig. 45 ).
Conclusions
By combining asteroid shape models derived from photometry with the occultation data, we can obtain unique physical models of asteroids. Lightcurve data enable us to derive asteroid shape and spin state and the occultations are used for scaling the shape and for solving the pole ambiguity. As can be seen from Table 3 , the uncertainty of the effective diameter determination is ∼ 5 % for the best cases with many accurate chords, ∼ 10 % for a typical occultation, and ∼ 20 % for occultations with only a few chords. Contrary to other indirect methods for asteroid size determination, occultation timings are direct 'measurements' of asteroid dimensions.
The number of successfully observed occultations with many chords steadily grows as does the accuracy of timings -observers routinely use video or CCD techniques and the timings are more accurate and free of reaction times. The use of automatic observing stations equipped with a small telescope will revolutionize the way asteroidal occultations are observed (Degenhardt, 2009) . Asteroidal occultations are no longer 'sporadic' events, rather they are systematic and reliable astronomical measurements. With the increasing number of asteroid models and successfully observed occultations, we expect that the scaling of models derived by lightcurve inversion using occultations will become routine.
Benoit Carry, one of the referees, whose critical comments helped us to improve the manuscript. Table 1 : List of occultations used for deriving asteroid sizes. Here N total is the total number of chords used for fitting, N phot is the number of chords observed by means of a photometric detector, video, or CCD, ∆φ is the angle of asteroid's rotation between the first and the last reported timings, and t mean is the the mean duration of occultation. For each occultation observed visually, the average absolute time shift |∆τ | of visual chords is listed.
List of observers R. Royer, Springville, CA, USA R. Nolthenius, Cabrillo College, CA, USA B. Stine, Weldon, CA, USA R. Peterson, AZ, USA (2) Table 2 : List of observers who participated in observations presented in Table 1 that were not included in the database published by Dunham and Herald (2009) . If some observer provided more than one chord, the number of chords is given in parentheses. 
Aspect data for new observations
Date r ∆ α λ β Observer [AU] [AU] [deg] [deg] [deg]
